Abstract-A quantum control landscape is defined as a function(al) of the system control variables that are to be optimized, and it was introduced to understand the successes in quantum control experiments. This paper explores the control landscape for observable preparation under the circumstance where the environment has an influence on the quantum system to be controlled. Provided that the open system is fully controllable, the analysis proves that there are no false traps to be encountered on the way to finding the absolute landscape maximum. This provides theoretical support for the observed ease of obtaining high quality controls in the laboratory, and opens up perspectives to develop more efficient quantum control algorithms.
I. INTRODUCTION
A growing number of successes are being reported in optimal control of quantum systems, with the control often identified by learning algorithms [1] , [2] , [3] . Both numerical simulations and laboratory experiments collectively show that finding high-quality control results is unexpectedly easy even with noise and severely constrained control fields (e.g., shaped pulses from the Ti:sappire laser operating at ∼800nm with a bandwidth of ∼20nm). Recently, a series of theoretical studies [4] , [5] , [6] , [7] , [8] , [9] were undertaken to interpret this evident ease of obtaining desirable control fields via topology analysis of the associated quantum control landscape, which is defined as the function(al) of the control field to be optimized with. The most important finding is that, for ideal systems that are closed and controllable [4] , [5] , [6] , [7] , the landscapes have no false traps (e.g., local suboptimal maxima when seeking to maximize the observable) to impede the search for an ultimate optimal control.
Here we extend the studies to the control landscape for open systems, because realistic quantum control systems are always exposed to some kind of environment (e.g., heat baths, optical modes in cavities, quantum measurement devices). For practical considerations, such priory information about existence or absence of false traps is crucial to determine whether algorithm finds a global optimum, based on which search algorithms can be directed to speed up the convergence or pass around the traps, if they exist for a given objective function.
This paper shows that, given the full controllability, the control landscape for open quantum systems is still devoid of false traps, thereby providing a closer understanding of the ease of controlling quantum dynamics in the laboratory. The paper is organized as follows. Section II summarizes This work was supported by DARPA and NSF The authors are with Chemistry Department, Princeton University, Princeton, New Jersey 08544, USA. rewu@princeton.edu the properties of Kraus maps, while section III presents the concept of landscape lifting and applies it to the open system control landscape for manipulation of an observable. Section IV analyzes further details of the structure of critical submanifolds influenced by the environment. Section V summarizes the results.
II. THE KRAUS OPERATOR-SUM REPRESENTATION
We briefly summarize the Kraus operator-sum representation from a heuristic "system plus environment" model, where the quantum system with a N-dimensional Hilbert space H S is coupled to an external quantum environment with a λ -dimensional Hilbert space H E . The composite of the system and environment obeys the Schrödinger equation,
where ρ total is the density matrix of the composite system. The total Hamiltonian H total includes the internal Hamiltonians of the system and the environment as well as their interaction, all contributing to the total system evolution operator U total (t) on the total Hilbert space H = H S ⊗ H E (the symbol ⊗ denotes the Kronecker product). Assume that the composite system is prepared in an uncorrelated state ρ total (0) = ρ ⊗ ρ, where ρ and ρ are the initial states of the system and the environment. The system dynamics described by ρ S (t) can be obtained by tracing ρ total (t) = U total (t)ρ total (0)U † total (t) over the environment [10] ,
where
The matrices {K αβ } form the Kraus representation of the dynamical map (2) , where the normalization condition
holds to preserve the trace and positive definiteness of the system density matrix [10] FrC16.5
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Let µ be the rank of ρ, then K[ρ, N] is homeomorphic to the homogeneous space
by (3) and each Kraus map corresponds to a coset in the unitary group U (λ N).
III. QUANTUM ENSEMBLE LANDSCAPES OF OBSERVABLES
Consider the control landscape for maximizing the expectation value of the observable θ of a quantum system ensemble with initial ensemble state ρ S (0) = ρ,
where ρ S [ε(·),t f ] is the system density matrix at time t f driven by the control field ε(·) that enters the Hamiltonian H total to manipulate the quantum dynamics. The domain of the landscape is generally a subset of the infinite dimensional space
The aim of landscape analysis is to obtain the entire topology of the set of landscape critical points, i.e., the extremal controls such that
In particular, the existence and distribution of all possible local optima are of primary interest for they may terminate the search of optimal controls. Notice that, by (2), the above control landscape of open systems can be reduced to a function of the Kraus maps, i.e., the following landscape in a kinematic picture (in the sense that it is Hamiltonian-independent)
where K ∈ K[ρ, N] belongs to the set of realizable Kraus maps at time t f by some control field ε(·) over [0,t f ]. Their relationship is manifested by the chain rule:
The extremal controls can be classified by the fullness of the set of attainable δ K(t f ) generated by all admissible control variations in the tangent space of K[ρ, N] at K(t f ), which is equivalent to the controllability of the linearized system along the trajectory driven by ε(·) over [0,t f ], and the corresponding control is said to be regular (otherwise called singular) [11] .
It is easy to see that a regular control is a critical point of J if and only if the corresponding kinematic gradient ∇J(K(t f )) = 0. Moreover, as the second-order variation at such extremal controls is consequently reduced to
where Q is the Hessian quadratic form of J on the tangent space of K[ρ, N] at K(t f ), the optimality status (i.e., minimum, maximum, or saddle points) of the extremal control is the same as that of K in the kinematic picture. So, analysis of such extremal controls can be simply projected onto
On the other hand, a singular control can also be a landscape critical point when the corresponding gradient vector ∇J(K(t f )) is orthogonal to all attainable variation δ K(t f ), which only span a proper subspace of the tangent space of
In such cases, the gradient ∇J(K(t f )) is not necessarily vanishing, and hence have no correspondence to any kinematic critical points. We call them singular extremal controls.
For landscape studies, it is more important to assess the universal properties that are Hamiltonian-independent, which are essential to understand the common successes in various quantum systems. Therefore, here we are mainly concerned with the set of regular extremal controls, and the influence of singular extremal controls will be contained in another work. The number of singular extremal controls appears to be far smaller than the number of regular controls to be encountered in the whole search space, and in most situations they can be excluded from consideration.
From the about discussions, the topology of regular extremal controls can be faithfully projected onto the finite dimensional space
is attainable. This methodology is referred to as the landscape lifting from (5) to (4) that preserves the critical topology. Next, a second landscape lifting will be introduced for (5) that directly leads to our main result:
Theorem 1: The control landscape (4) for open systems has a unique local maximal critical submanifold of regular extremal controls, if the open system dynamics is control-
Proof: Using the mapping (3), we may lift (5) to the following landscape:
where U ∈ U (λ N), P = ρ ⊗ ρ and Θ = θ ⊗ I λ . This new auxiliary landscape stands for the composite "system plus environment" model that targets the maximization of the expectation value of the same system observable (minimization may be treated just as well). Similarly, by the chain rule,
where δ K is the variation of K by some variation δU of U, the landscapes (5) and (6) have identical critical topologies, because the mapping from δU to δ K is regular at arbitrary U as a consequence of the surjective canonical projection from U (λ N) to its homogeneous space
. The connectedness of critical submanifolds is preserved as well (see proof in [13] ).
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Hence, assume that the open system dynamics is fully controllable over K[0,t f ], the two landscape liftings establish the topological equivalence between the original open system landscape (4) and the auxiliary landscape (6) for the expanded closed composite quantum system. Because the latter landscape was proved to be always devoid of false traps [6] , [9] , the equivalence directly reveals the inherent property that the landscape for open systems also possess this basic novelty.
This result is of fundamental importance for understanding the evident ease of identifying effective control fields in the presence of disturbances and uncertainties in the laboratory [1] , [2] , [3] , [4] , [5] , [7] , [14] . Although the key requirement of controllability over open system dynamics may not always be fulfilled [15] , there have been indications that it is possible to fight against environmentally induced dynamics [16] or even control it through suitably optimized manipulation of the environment [17] . In the laboratory, even if an explicit treatment of the environment is not considered, under optimization of the observable the control will naturally address the environment to maximally draw on its beneficial features or minimize its deleterious effects to best achieve control of the system. Moreover, controlled quantum correlations in open systems can be used to non-classically manipulate quantum states (e.g., quantum error correction for quantum bits [18] , [19] and atomic control in single-mode optical cavities [20] ).
IV. LANDSCAPE TOPOLOGY
A full understanding of the critical landscape topology for controllable open systems is important for projecting the future of quantum control experiments. Under the landscape lifting (3), the critical manifolds in K[ρ, N] are the image of the critical manifolds of (6) with identical optimality status, which can be extracted by the tool of contingency tables (CT) from our former studies [9] :
Theorem 2: Consider a control landscape J(U) = Tr(UρU † θ ) over U (N). Suppose that ρ has r distinct non-negative eigenvalues p 1 > · · · > p r with multiplicities 
and the numbers of its positive and negative eigenvalues of the Hessian quadratic form are where the entries of the index matrix J t = {σ i j } (1 ≤ i, j ≤ t) are in upper triangular form
The theorem transfers the characterization of the landscape critical submanifolds to a simpler combinatorial problem of enumerating all possible CTs that satisfy the given marginal conditions. Having established the landscape lifting, we can analyze the control landscape for open systems by the contingency tables associated with (6) . Concretely, suppose that ρ has r distinct non-negative eigenvalues
Here d r (resp. f m ) can be zero corresponding to no zero eigenvalues in ρ (resp. ρ). The distinct eigenvalues of θ are ω 1 > · · · > ω s with multiplicities e 1 , · · · , e s . Then we obtain the (r − 1)(m − 1) + 1 row-sum marginal constraints for the representative CTs:
corresponding to nonzero eigenvalues p i q j (for simplicity, we assume no accidental degeneracies in ρ ⊗ ρ, i.e., p i q j = p k q ℓ for arbitrary 1 ≤ i = k < r or 1 ≤ j = ℓ < m), and D rm = d r λ + f m N − d r f m for the zero eigenvalue. The observable Θ = θ ⊗ I λ possesses the same group of eigenvalues as θ and determines the column-sum marginal conditions:
The resulting CT has a size of (rm − r − m + 2) × s.
A. The Full Control Landscape of Kraus Maps
Generally, the ρ-dependent set K[ρ, N] of Kraus maps contains only a portion of all physical Kraus maps. The entire set of Kraus maps [10] can be described by assigning a virtual N 2 -dimensional environment initially prepared in a pure state (i.e., ρ has only one nonzero eigenvalue). This model can be used to study the full control landscape over all Kraus maps, whose associated contingency table is shown in TABLE II. The lifted initial state P = ρ ⊗ ρ in the enlarged closed system has the same group of eigenvalues as ρ, except for the increase of the number of zero eigenvalues by N 3 −N. Notice that in each column
for j = 1, · · · , s, the column-sum constraints are actually ineffective. This implies that the number M of distinct CTs (i.e., the number of critical submanifolds) is equal to the 46th IEEE CDC, New Orleans, USA, Dec. 12-14, 2007 FrC16.5 (N 3 − N) c r1 · · · c rs product of the numbers of non-negative ordered partitions of
Apparently, the diverse nature of the initial system state distributions tends to give rise to more critical submanifolds for large N. On the observable side, only the number s of distinct eigenvalues of θ enters the formulation, whose physical interpretation can be the resolution required to measure the target observable. Its low value facilitates the control and observation, and hence reduces the complexity of the control landscape despite the environment being present. The fact that the landscape is devoid of false traps implies that the local topological properties near the global optima is crucial to the search of desirable controls. In particular, the number of degrees of freedom of searching in the vicinity of those points [9] can be determined by counting the number of nonzero Hessian eigenvalues (all negative), which is invariant for regular extremal controls under the landscape liftings, via formula (9) in Theorem 1. The CT associated with the global optimum can be proven to have its nonzero entries only filled in the first column and the last row, and we can use it to obtain
Greater numbers of both zero eigenvalues of ρ and the maximal eigenvalue of θ help to reduce the search effort (i.e., the minimal independent searching directions) near the optima, simultaneously implying the existence of an inherent robustness of this critical manifold.
B. Control Landscapes with a Thermal Environment
Consider the common circumstance of quantum systems under the influence of a thermal environment that is initially in a thermal equilibrium state [21] 
where T is the temperature and k is the Boltzmann constant. For simplicity, we suppose that the environmental Hamiltonian has a non-degenerate spectrum. Although a precise enumeration of the number of critical submanifolds is generally NP-hard computable [22] , a good estimate can be obtained using the approximate formulation given in [23] , which is summarized as follows: (i) In the limit of zero temperature, the environmental equilibrium state reduces to a pure state. In this case, the number of critical submanifolds remains constant when λ is sufficiently large, and the precise number is given by M shown in equation (10) . Hence the landscape complexity is insensitive with the increase of the size of the environment.
(ii) At finite nonzero temperature, i.e., ρ(T ) has a fully non-degenerate spectrum, the approximate number of critical submanifolds associated with the λ -dimensional thermal environment is (see the details in [13] ):
where M is the number of critical submanifolds at the ideal zero-temperature shown in equation (10) and
For large environment dimension λ , the number of landscape saddles increases approximately exponentially with λ . The magnitude of T should show more influence on the steepness and curvature of the landscape near the set of critical submanifolds, which identical for each finite T . (iii) In the limit of infinite temperature, ρ ∞ = λ −1 I λ and becomes a completely mixed state, which leads to a polynomial increase in the number of critical submanifolds with λ [13] A λ ≈   s 
V. CONCLUSION This work investigated the control landscapes for open quantum systems based on the landscape lifting technique, which provide a basis to expect that (a) the search for an optimal control in the laboratory may not be significantly hindered by the presence of an environment; (b) no traps exist to limit the control search and opens up the prospect for finding more efficient searching algorithms. These conclusions are consistent with the observed relative ease of attaining control of quantum systems in the laboratory, including those of high complexity in condensed phase environments.
The landscape analysis here also provides an important basis for further researches of open systems that are not full controllable. Recent studies have found that, for such systems, (a) the saddle points for (5) may become impediments when subject to dynamical symmetries, although they have minor influence on the search of optimal controls for controllable systems [24] ; (b) singular extremal controls may become significant false traps in the landscape [25] . Further studies should be directed towards considering the landscapes for partially controllable open quantum systems due to some limiting factors such as uncontrollable degrees of systemenvironment interactions and the employment of restricted control fields.
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